THE TOPOLOGICAL SINGER CONSTRUCTION 



SVERRE LUN0E-NIELSEN AND JOHN ROGNES 



Abstract. We study the continuous (co-) homology of towers of spectra, with emphasis on a tower 
with homotopy inverse limit the Tate construction X tG on a G-spectrum X. When G = C v is cyclic of 
prime order and X = B Ap is the p-th smash power of a bounded below spectrum B with H„(B; F p ) of 
finite type, we prove that (B Ap ) tC "p is a topological model for the Singer construction (B; F p )) 

on H*(B;¥ P ). There is a map e B : B -> (B Ap ) tC p inducing the Ext ^--equivalence e : R+(H* (B; F p )) -» 
i?*(S;Fp). Hence tfl and the canonical map T: (B Ap ) C p — y (B Ap ) hC p are p-adic equivalences. 
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> , 1. Introduction 

Let p be a fixed prime. We study homology and cohomology groups with F p -coefhcients associated to 
towers of spectra 

(1.1) Y = holim Y n -> ► Y n ^ Y n -> ■ • • , 

> 

' where each T„ is bounded below and of hnite type over F p , and Y is equal to the homotopy inverse 

(*C) , limit of the tower. By a result of Caruso, May and Priddy [11J . there exists an inverse limit of Adams 

spectral sequences that calculates the homotopy groups of the p-completion Y£~= F(S~ 1 /p co ,Y) of Y, 
where F(— , — ) denotes the function spectrum and S~ 1 /p°° is the Moore spectrum with homology Z/p°° 
in degree — 1. The ii^-term for this spectral sequence is given by the Ext-groups of the direct limit of 
cohomology groups 

(1.2) H* c (Y;¥ p ) = colim H*(Y n ;¥ p ) , 

n— oo 

arising from the tower (jl.ip . considered as a module over the mod p Steenrod algebra We shall refer 
■ to this colimit as the continuous cohomology groups of Y. 

?H 

1.1. The algebraic Singer construction. A natural question is: how well do we understand the 
structure of (|1.2I) as an j^-module? There is an interesting example of a tower of spectra where this 
question has the answer: very well. In fact, this question appeared in the study of Segal's Burnside ring 
conjecture for cyclic groups of prime order. At the heart of W. H. Lin's proof of the case p = 2, published 
in [20], lies a careful study of the ^-module 

P = J ff c *(MP^ 00 ;F 2 ) = colim H* (RP^„;F 2 ) , 

and its associated Ext-groups Ext^*(P, F 2 ). It turns out that P = P(x,x^ 1 ) = F 2 [a;, a; -1 ] is isomorphic 
to the so-called Singer construction R + (M) on the trivial ^/-module M = F 2 , up to a degree shift. 
The Singer construction has an explicit description as a module over srt ' . More importantly, it has the 
property that there is a natural .eZ-module homomorphism e: R + (M) —> M that induces an isomorphism 

e* : ExO*(M,F 2 ) 4 ExO*(P+(Af),F 2 ) . 
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1.2. The topological Singer construction. Our objective is to present a topological realization and a 
useful generalization of these results. Specifically, for a bounded below spectrum B of finite type over F p , 
we construct a tower of spectra 

/ B A.pyC, = ho]xm(B Ap ) tC ^[n] -> ► (B Ap ) tc ?[n~l] -> (B Ap ) tc "[n] -> ■ ■ ■ 

n—t—oo 

as in (ll.ip . Here C p is the cyclic group of order p, and B Ap is a Cp-equivariant model of the p-th 
smash power of B. We call R+(B) = (B Ap ) p the topological Singer construction on B, and prove in 
Theorem 15.91 that there is a natural isomorphism 

R+(H*(B;¥ p )) ^ H*(R + (B);¥ p ) = colim H*((B Ap ) tCp [n];¥ p ) 

n— > — oo 

of j^-modules. Furthermore, we define a natural stable map cb'- B —> [B Ap ) tCp , and prove in Proposi- 
tion [02] that it realizes the ^-module homomorphism e: R + (H* (B;¥ p )) — > H*(B;¥ p ) in continuous 
cohomology. 

The Segal conjecture for C p follows as a special case of this, when B = S is the sphere spectrum, 
since S Ap is a model for the genuinely Cp-equivariant sphere spectrum. More generally, we prove in 
Theorem 15 . 1 31 that for any bounded below spectrum B with H*(B; ¥ p ) of finite type the canonical map 

p. ^Ap^Cp ^ (fi!\p\hC p ^ 

relating the Cp-fixed points and Cp-homotopy fixed points for B Ap , becomes a homotopy equivalence 
after p-completion. In [?] 1.7], with M. Bokstedt and R. Bruner, we deduce from this that there are 
p-adic equivalences T„: (B Apn ) C p n — > (_eA P ")hc> for all n > 1 

1.3. Outline of the paper. In SJ2J we discuss towers of spectra as above, and the associated limit 
systems obtained by applying homology or cohomology with F p -coefficients. When dealing with towers 
of ring spectra it is convenient to work in homology, while for the formation of the Ext-groups mentioned 
above it is convenient to work in cohomology. In order to be able to switch back and forth between 
cohomology and homology we discuss linear topologies arising from filtrations, and continuous dualiza- 
tion. Then we see how an ^-module structure in cohomology dualizes to an ,2^-comodule structure in 
a suitably completed sense. 

In Sj3]we recall the algebraic Singer construction on an ^-module M, in its cohomological form, and 
study a dual homological version, defined for ^-comodules M» that are bounded below and of finite 
type. We give the details for the form of the Singer construction that is related to the g roup C p , since 
most references only consider the smaller version related to the symmetric group E p . 

Then, in [21 wc define a specific tower of spectra {X tG [n]} n with homotopy inverse limit equivalent 
to the Tate construction X tG — [EG A F(EG+, X)] G on a G-spectrum X. We consider the associated 
(co-) homological Tate spectral sequences, and compare our approach of working with homology groups 
to earlier papers that focused directly on homotopy groups. 

In [}5l we specialize to the case when X = B Ap . This is also where we discuss the genuinely Cp- 
equivariant model of the spectrum B Ap , given by the p-fold smash product of (symmetric) spectra 
introduced by Bokstedt [6 in his definition of topological Hochschild homology. It is for this particular 
C p -equivariant model that we can define the natural stable map 6b- B — > R + (B) realizing Singer's 
homomorphism e. 

1.4. Notation. Spectra will usually be named B, X or Y. Here B will be a bounded below spectrum or 
S'-algebra of finite type over ¥ p . Spectra denoted by X will be equipped with an equivariant structure. 
The main examples we have in mind are the p-fold smash product X = B Ap treated here, and the 
topological Hochschild homology spectrum X = THH(B) treated in the sequel [21]. When dealing with 
generic towers of spectra, we will use Y. The example of main interest is the Tate construction Y = X tG 
on some G-equivariant spectrum X. 

We write stf for the mod p Stccnrod algebra and srf* for its Fp-linear dual. We will work with left 
modules over srf and left comodules under stf*. In the body of the paper we write H*(B) = H*(B]¥ p ) 
and H*(B) = H* (B;¥ p ), for brevity. Unlabeled Horn means HomF p , and <8> means ®f„- 

1.5. History and notation of the Singer construction. The Singer construction appeared originally 
for p = 2 in [53] and [23], and for p odd in [115]. The work presented here concentrates on its relation 
to the calculations by Lin and Gunawardena and their work on the Segal conjecture for groups of prime 
order. A published account for the case of the group of order 2 is found in [2D]. A further study appears 
in [J, where a more conceptual definition of the Singer construction is given. 
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In W. Singer's paper [23], the following problem is posed: Let M be an unstable ^-module and let 
A = F2{Sq r | r E Z}. There is a map of graded F2-vector spaces 

d: A® M M 

taking Sq r ®m to Sq r (m) for r > 0, and to for r < 0. Does there exist a natural ■eZ-module struc- 
ture on the source of d rendering this map an ^-linear homomorphism? Singer answers this question 
affirmatively, by using an idea of Wilkerson [2(5] to construct the si -module that he denotes R+ (M) , an 
^/-module map d: R+(M) — >• M of degree 1, and an isomorphism R + (M) = A ® M, also of degree 1, 
that makes the two maps called d correspond. In the end, the construction does not depend on M being 
unstable. 

In Li and Singer's paper [19j . the odd-primary version of this problem is solved, with A = F p {/3 1 P r | 
i E {0, 1}, r E Z}. Starting with that paper there is a degree shift in the notation: R + (M) now denotes 
the suspension of R + (M) from Singer's original paper, so that the ^-module map d: R+(M) — > M is 
of degree 0. 

In connection with the Segal conjecture, Adams, Gunawardena and Miller [T] published an algebraic 
account of the Singer construction, for all primes p. They write T'(M) for the ^-module denoted 
R+(M) in [23] and [25], and let T"(M) = ET'(M) be its suspension, denoted R+(M) in [15]. For the 
trivial ^-module F p , T"(F p ) is isomorphic to the Tate homology -ff_*(£ p ; F p ), which can be obtained by 
localization from £iJ*(£ p ; F p ). Hence T'(F p ) = _ff*(S p ;F p ) is a localized form of if*(S p ;F p ). Adams, 
Gunawardena and Miller are not only concerned with the Segal conjecture for the groups of prime order, 
but also for the elementary abelian groups (C p ) Tl , so the cross product in cohomology is important for 
them. They therefore prefer T 1 over T" . In fact, they really work with an extended functor T{M) = 
T(F p ) ® T , {¥p) T'(M), where T(F p ) = H*(C p ;¥ p ). 

In our context, for the cohomological study of towers of ring spectra it will be the coproduct in Tate 
homology that is most important, which is why we prefer T" over T 1 . Again, our emphasis is on C p 
instead of E p , so that the Singer- type functor we shall work with is the extension 

H^{C p ;W p )® T „ {¥p) T"{M) 

of T"(M), which is (p - 1) times larger than the T"(M) = R+(M) of Li and Singer. This is the functor 
we shall denote R+(M), so that i?+(F p ) = §-*(C p ',F p ), and R+(M) = ET(M) in the notation of [J. 

The connection between the Singer construction and the continuous cohomology of a tower of spectra, 
displayed below as (|5.1I) for G = S p , was found by Haynes Miller, and explained in [5J II. 5.1]. There the 
functor denoted i?+ is the same as in [TpJ for odd p, shifted up one degree from [23] for p = 2. 

In the following we will make use of the fact that the Singer construction on an s$ -module M comes 
equipped with the homomorphism of ^-modules e: i?+(M) — > M. In Singer's work [25], this map 
has degree +1 (and was named d), whereas in [T5J and [5J it has degree 0. We choose to follow the 
latter conventions, because this is the functor that with no shift of degrees describes our continuous 
(co-)homology groups. Furthermore, the homomorphism e will be realized by a map of spectra, and will 
therefore be of degree zero. 

We choose to write R + (M) instead of T(M) or any of its variants, because the letter T is heavily 
overloaded by the presence of THH, the Tate construction and the circle group T. To add to the confusion, 
the letter T is also used in Singer's |25j work, but with a different meaning than the T appearing in pQ. 

1.6. Acknowledgments. This work started out as a part of the first author's PhD thesis at the Univer- 
sity of Oslo, supervised by the second author. The first author wishes to express the deepest gratitude 
to Prof. Rognes for offering ideas, help and support during the work of his thesis. Thanks are also due 
to R. Bruner, G. Carlsson, I. C. Borge, S. Galatius, T. Kro, M. Bokstcdt, M. Brun and B. I. Dundas for 
interest, comments and discussions. 

2. Limits of spectra 

We introduce our conventions regarding towers of spectra and their associated (co-)homology groups. 
Our motivation is the result of Caruso, May and Priddy, saying that that there is an inverse limit of 
Adams spectral sequences arising from such towers. The input for this inverse limit of Adams spectral 
sequences will give us the definition of continuous (co-)homology groups. 
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2.1. Inverse limits of Adams spectral sequences. 



Definition 2.1. Let R be a (Noetherian) ring. A graded -R-module M* is bounded below if there is an 
integer i such that A/* = for all * < I. It is of finite type if it is finitely generated over R in each 
degree. 

A spectrum B is bounded below if its homotopy n*(B) is bounded below as a graded abelian group. It 
is of finite type over ¥ p if its mod p homology H*(B) = H*(B; F p ) is of finite type as a graded F p -vector 
space. The spectrum B is of finite type over Z p if its homotopy tt*(B) is of finite type as a graded 
Zp-module. 

Let {Y n } n£ z be a sequence of spectra, with maps /„ : Y n -\ — > Y n for all integers n. Assume that each 
Y n is bounded below and of finite type over ¥ p , and let Y be the homotopy inverse limit of this system: 

(2.i) y — > > y n _i A y n — > • • • 

In general, V will neither be bounded below nor of finite type over F p . 

For each n there is an Adams spectral sequence {Ep* (Y n )} r with i?2-term 

E*>\Y n ) = Ert s J(H*(Y n ),¥ p ) => 7r t _ s ((y n p , 

converging strongly to the homotopy groups of the p-completion of Y n . Each map in the tower (|2.ip 
induces a map of Adams spectral sequences /„ : {_£*'* (Y n _i)} r — > {E*'* (Y n )} r . For every r let 

= lim Ep*{Y n ), 

n— > — oo 

and similarly for the d r -differentials. We now state and prove a slightly sharper version of [TTJ 7.1]. 

Proposition 2.2. Let {Y n } n be a tower of spectra such that each Y n is bounded below and of finite 
type over ¥ p , and let Y = holim n Y n . Then the bigraded groups {E*'*(Y_)} r are the terms of a spectral 
sequence, with E2-term 

E S /(Y) ~ Ext^(colim H*(Y n ),¥ p ) => vt-.O® , 

converging strongly to the homotopy groups of the p-completion ofY. 

The difference between this statement and the statement in |llj lies in the hypothesis on the Y n : we 
do not assume that Y n is p-complete, and weaken the condition that Y n should be of finite type over Z p 
to the condition that H*(Y n ;¥ p ) should be of finite type. We refer to the spectral sequence {E*'*(Y_)} r 
as the inverse limit of Adams spectral sequences associated to the tower {Y n } n . 

Proof. For any bounded below spectrum B of finite type over F p , the Adams spectral sequence converges 
strongly to 7T*(B^). Since the E%- and -Eoo-terms of this spectral sequence are of finite type, the abelian 
groups 7r* (B^) are compact and Hausdorff in the topology given by the Adams filtration. 

The category of compact Hausdorff abelian groups is an abelian category, as is the category of discrete 
abelian groups. The Pontryagin duality functor assigns to each abelian group G its character group 
Hom(G, T), where T = S 1 is the circle group. It induces a contravariant equivalence between the 
category of compact Hausdorff abelian groups and the category of discrete abelian groups. The functor 
taking a filtered diagram of discrete abelian groups to its colimit is well-known to be exact. It follows 
that the functor taking a filtered diagram of compact Hausdorff abelian groups to its inverse limit is also 
an exact functor. In particular, passing to filtered inverse limits commutes with the formation of kernels, 
images, cokernels and homology, in the abelian category of compact Hausdorff abelian groups. 
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We now adapt the proof of [TTJ 7.1], using this version of the exactness of the inverse limit functor. 
First, we construct a double tower diagram of spectra 

(2.2) > Z s ► > Z a = Y 



Z n n — Y n 



where the n-th row is an Adams resolution of Y n , such that each Z n _ s is a bounded below spectrum of 
finite type over ¥ p . The n-th row can be obtained in a functorial way by smashing Y n with a fixed Adams 
resolution for the sphere spectrum S. The top row consists of the homotopy limits Z s = holim„ Z„, s 
for all s > 0. By assumption, the homotopy cofiber K n a of the map Z n ,s+i ~~ ?" Z n>s is a wedge sum of 
suspended copies of the Eilenberg-Mac Lane spectrum H = HF p , also bounded below and of finite type 
over F„. The exact couple 



T* (•Z'ji,s+1 



) — > 7T*(Z njS ) 



generates the Adams spectral sequence {E*'*(Y n )} r , with (Y n ) = -K t -s{K n , s ). The dashed arrow has 
degree — 1. 

Now consider the p-completion of diagram f|2.2[) . The n-th row becomes 

(2.3) •■• (z n , s )~^ ■ •• -> {z 0tS );= (Y n ); 

and the homotopy cofiber of — > (Z„ jS )p is the p-complction of K n si which is just K n s again. 
There is therefore a second exact couple 

(2.4) 7r4(Z n , s+1 p M(Zn,s)p) 



for each n, which generates the same spectral sequence as the first one. Furthermore, in the second exact 
couple all the (abelian) homotopy groups are compact Hausdorff, since the spectra Z n , s and K n ^ s are all 
bounded below and of finite type over F p . 

The p-completion of the top row in (12.21) is the homotopy inverse limit over n of the p-completed 
rows (|2.3p . The exactness of filtered limits in the category of compact Hausdorff abelian groups now 
implies that there are isomorphisms 7r*((Z s )p = lim„ 7r*((Z„ iS )p) for all s. Furthermore, the inverse 
limit over n of the exact couples (|2.4[) defines a third exact couple (of compact Hausdorff abelian groups) 



(2.5) 



n*{{z s +i)p) — - — > n4(z s )g) 



which generates the spectral sequence {E*'*(Y_)} r that we are after. Here E^ (Y) = lim n S*' (Y n ), and 
by induction on r the same isomorphism holds for each i5 r -term, since E*^ is the homology of E*'* 
with respect to the d r -differentials, and we have seen that the formation of these limits commutes with 
homology. In particular, each abelian group Ep t (Y_) is compact Hausdorff. 
The identification of the i?2-term for s = amounts to the isomorphism 

lim Honw (H*(Y n ),N) = Honw (colim H*(Y n ),N) 



for N = S*F p . The general case follows, since we can compute Ext^ by means of an injective resolution 
ofFp. 

We must now check the convergence of this spectral sequence, which we (and [TT]) do following 
Boardman [3]- The Adams resolution for each Y n is constructed so that 

lim7T*((Z„ iS )^) = Rhm7r»((Z„^ s )p) = . 

These two conditions ensure that the Adams spectral sequence for Y n converges conditionally }3,j 5.10]. 
The standard interchange of limits isomorphism gives 

lim7r*((Z s )£) = limlim7r*((Z„. s )p) = . 

Moreover, the exactness of the inverse limit functor in this case implies that the derived limit 

Rlim7r*((ZX) = 

vanishes, too. Hence the inverse limit Adams spectral sequence generated by (|2.5|) is conditionally 
convergent to 7T*(1T). This is a half-plane spectral sequence with entering differentials, in the sense 
of Boardman. For such spectral sequences, strong convergence follows from conditional convergence 
together with the vanishing of the groups 

RE S J = RlimE* '*(¥_), 

r 

see [21 5.1, 7.1]. Again, the vanishing of this Rlim is ensured by the exactness of lim for the compact 
Hausdorff abelian groups Ep t (Y). □ 

2.2. Continuous (co-) homology. The spectral sequence in Proposition 12.21 is central to the proof of 
the Segal conjecture for groups of prime order and will be the foundation for the present work. Our work 
will, in analogy with Lin's proof of the Segal conjecture, focus on the properties of the i?2-term of the 
above spectral sequence. 

Definition 2.3. Let {1^}„ be a tower of spectra such that each Y n is bounded below and of finite type 
over F p , and let Y = holim„ Y n . Define the continuous cohomology of Y as the colimit 

H*(Y) = colim H*(Y n ) . 

n—> — oo 

Dually, define the continuous homology of Y as the inverse limit 

H^Y) = lim H*(Y n ). 

71— > — OO 

Note that we choose to suppress from the notation the tower of which Y is a homotopy inverse limit, 
even if the continuous cohomology groups do depend on the choice of inverse system. For example, 
let p = 2 and let Y = S 2 be the 2-completed sphere spectrum. Since Y is bounded below and of 
finite type over F2, we may express Y by the constant tower of spectra. But by W. H. Lin's theo- 
rem, 5*7— holim ra SRP^°, where each Y;M.P£° is also bounded below and of finite type over F2. Now 
colim n F*(ERP^°) = £P(x,x _1 ) = P+(F 2 ) is much larger than H*(S£) = F 2 . 

By the universal coefficient theorem and our finite type assumptions, the Fp-linear dual of H*(Y) is 
naturally isomorphic to H£(Y). The continuous homology of Y will often not be of finite type, so its 
dual is in general not isomorphic to the continuous cohomology. However, if we take into account the 
linear topology on the inverse limit, given by the kernel filtration induced from the tower, we do get that 
the continuous dual of the continuous homology is isomorphic to the continuous cohomology. We discuss 
this in 323 

Note that the continuous cohomology is a direct limit of bounded below .^-modules. The direct 
limit might of course not be bounded below, but we do get a natural ^-module structure on H*(Y) in 
the category of all jzZ-modules. Dually, the continuous homology is an inverse limit of bounded below 
,e/*-comodules, but the inverse limit might be neither bounded below nor an ^-comodule in the usual, 
algebraic, sense. Instead we get a completed coaction of srf* 

m{Y) H C ,(Y) , 

where <g> is the tensor product completed with respect to the above-mentioned linear topology on the 
continuous homology. We discuss this in H'Z.bi 
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2.3. Filtrations. For every n £ Z, let A n be a graded F p -vector space and assume that these vector 
spaces fit into a sequence 

(2.6) — > > A n — ► A"- 1 — ► ► A-°° 

with trivial inverse limit, and colimit denoted by A~°° . We assume further that each A n is of finite type. 
Let A n = Hom(A n ,F p ) be the dual of A n . The diagram above dualizes to a sequence 

(2.7) A^ — > ► ^ n _! — > A„ — > ► 

with inverse limit 

^_oo = lim^„ = limHom(A",F p ) S Hom(colim^",F„) = Hom(A _ °°,F„) 

n n n 

isomorphic to the dual of A~°°, and trivial colimit. The last fact follows from the assumption that A n 
is finite dimensional in each degree. Indeed, 

]imA n = limHom(^ n ,F p ) = Hom(colim y4„ , F„) 

n n n 

and thus lim„ A n — implies that colim„ A n is trivial, since the latter injects into its double dual. 
Furthermore, the derived inverse limits Rlim„ A n and Rlim„ A n are zero, again because A n and A n are 
degreewise finite. 

Adapting Boardman's notation [3J 5.4], we define filtrations of the colimit of (|2.6|l and the inverse 
limit of (|2.7[) using the corresponding sequential limit systems. 

Definition 2.4. For each ndZ, let 
and 

FnA-oo = ker(A_ oc -4 A n ) . 

Then 

(2.8) ■ ■ • C F n A-°° c F"- 1 ^ 00 c • • • C A" 00 
and 

(2.9) • • • C Fn-iA-oc C FnA-oo C ■ • ■ C A- x 

define a decreasing (resp. increasing) sequence of subspaces of A~°° (resp. A-oo). 

The filtration (I2.8[) clearly exhausts yl _oc . Since each A n and ker(A" — > A~°°) is of finite type, the 
right derived limits Rlim„ A n and Rlim„ kei(A n — > A~°°) are both zero. By assumption lim n A n = 0, 
hence both lim„ F n A~°° and Rlim n F n A~°° vanish. In other words, the filtration (12.81) is Hausdorff and 
complete, so that the canonical map A~°° — > \im n (A~°° / F n A~°°) is an isomorphism. Completeness is 
equivalent to saying that Cauchy sequences converge in the linear topology given by the filtration. That 
the filtration is Hausdorff is saying that Cauchy sequences have unique limits. 

For the filtration (I2.9|) . the proof of [3J 5.4(b)]) shows, without any hypotheses, that the filtration 
is Hausdorff and complete. It also shows that the filtration is exhaustive, since the colimit of (|2.7[) is 
trivial. We collect these facts in the following lemma. 

Lemma 2.5. Assume that the inverse limit \im n A n in (|2.6[) is trivial and that each A n is of finite type. 
Then both filtrations given in Definition \2.J\ (of colim„ A n = A~°° resp. its dual A^oq) are exhaustive, 
Hausdorff and complete. 

2.4. Dualization. The dual of the inverse limit A^^ of (|2.7p is the double dual of the colimit A~°° 
of (|2.6[) . It contains this colimit in a canonical way, but is often strictly bigger, since A~°° needs not 
be of finite type. To remedy this, we take into account the linear topology on the limit induced by the 
inverse system, and dualize by considering the continuous F p -linear dual. 

In this topology on A-^, an open neighborhood basis of the origin is given by the collection of 
subspaces {FnA^^n. A continuous homomorphism A-oc — > ¥ p is thus an F p -linear function whose 
kernel contains F n A-oo for some n. The set of these forms an F p -vector space Hom c ( J 4_ oc , F p ), which 
we call the continuous dual of A-^. 
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Lemma 2.6. There is a natural isomorphism 

Hom(A- a0 ,F p )9M_ oo . 

Give A-oq the linear topology induced by the system of neighborhoods {-F n A_oo} n . Then there is a natural 
isomorphism 

Hbm^A-oo.FpJSM- 00 . 
Proof. The first isomorphism has already been explained. For the second, we wish to compute 

Hom^A-o^Fp) colimHom(A_ 00 /F n A_ 00 ,F p ) . 

n 

The dual of the image F n A~°° = im(A n -> A~°°) is the image 

(2.10) Hom(F n A-°°,F p ) S im^oo -> A n ) £* A^/i^A.^ , 

and ^"A -00 is of finite type, so the canonical homomorphism 

F n A -oo 4 Hom(A_ 00 /F n A_ 00) F p ) 



into its double dual is an isomorphism. Passing to the colimit as n 
since colim„ F n A~°° = A~°°. 



-oo we get the desired isomorphism, 

□ 



2.5. Limits of ,04-comodules. Until now, the objects of our discussion have been graded vector spaces 
over F p . We will now add more structure, and assume that (|2.6p is a diagram of modules over the 
Steenrod algebra si '. It follows that the finite terms A n in the dual tower (|2.7[) are comodules under the 
dual Steenrod algebra si* ■ We need to discuss in what sense these comodule structures carry over to the 
inverse limit A-oo. 

Let M* be a graded vector space, with a linear topology given by a system {U a } a of open neighbor- 
hoods, with each U a a graded subspace of M*. We say that M* is complete Hausdorff if the canonical 
homomorphism lim a (M*/U a ) is an isomorphism. Let V* be a graded vector space, bounded below 

and given the discrete topology. By the completed tensor product V* £5 M* we mean the limit lim Q (14 ® 
(M* /Ua)), with the linear topology given by the kernels of the surjections V* ® M* — > V* <S> (M* / E/ Q ) . The 
completed tensor product is complete Hausdorff by construction. Given a second graded vector space 
W*, discrete and bounded below, there is a canonical isomorphism (V* ® W*) ® M* = K <g> (W* <g> M*). 

Definition 2.7. Let M* be a complete Hausdorff graded F p -vector space. We say that is a complete 
s/*-comodule if there is a continuous graded homomorphism v: M» — > Cg> M* such that the diagrams 



A/* 



-» jz/* (g> M* 



Fp® M, 



and 
(2.11) 



M* 




-> ^ <g> (^4 (» M*) )• ® si*) ® M* 



commute. Here e : sf„ — >■ F p and ?/; : —¥ si* ®si* denote the counit and coproduct in the dual Steenrod 
algebra, respectively. Let TV* be another complete .24-comodule and let /: iV* — »• M* be a continuous 
graded homomorphism. Then / £ Hom^ (N* , M* ) if the diagram 



N* — 

f 

M* — 

commutes. Hence there is an equalizer diagram 
(2.12) Hom^ (N*, M t ) -> Hom c (iV*, M» 



-> ^* ® AT* 



:Rom c (N*,si* ®M»). 



s 



Lemma 2.8. Suppose given a sequence of graded ¥ p -vector spaces, as in (12. 6[) . with each A" bounded 
below and of finite type. Suppose also that A™ is an s# -module and that A™ — > A n ~ l is si -linear, for 
each finite n. Then, with notation as above, A~°° is an s/ -module, and the topological ¥ p -vector space 
A-oo is a complete s/^-comodule. 

Proof. The category of I g/-modules is closed under direct limits, so the first claim of the lemma is 
immediate. For each n we get a commutative diagram 



A n 



-to*/® F n A~ 



A n 



F n A~ 



-s- A" 



where the vertical arrows are the ^-module action maps. For every finite n, the dual of the ^-module 
action map A™ : s/ ®A n — > A n defines an ^,,-comodule coaction map v n : A n = Hom(A", Fp) — > Hom(s/ ® 
A n ,¥ p ) = Hom(&/, Fp)<g)Hom(A™, ¥ p ) = s/*®A n , where the middle isomorphism uses that s/ and A n are 
bounded below and of finite type over ¥ p . Similarly, the dual of the diagram above gives a commutative 
diagram 

si* ® A n i ! stf* ® A_ 00 /F„A_ 00 « Hom(^ ® A~°°,¥ p ) 



An <- 



A— 00 /_F n A_ oo <f- 



A_ 



where we use the identification from (|2.10p . Passing to limits over n, we get the diagram 



lim g) An) . 

n 

lim„ i/ n 

lim A„ ^_ 



■ Hom(i2/ ® A~ 



,F„ 



Hom(A,F p ) 



A_ r 



A_ r 



-» A n . We know from Lemma 12.51 that 
= 0, so lim ra Z n = 0. This implies that 

§Z n =-> Hom(,e/, Z n ), and lim n (^/*(g)^„) ^ 
is the cokernel of *4 8> A^^J FnA-^ 



The middle vertical coaction map v is continuous, as it is realized as the inverse limit of a homomorphism 
of towers. It is clear that the upper left hand horizontal map is injective, but we claim that it is also 
surjective. 

To see this, let Z n be the cokernel of A-oo/FnA-oa 
lim^A-oo/FnA-oo) = lim„A„ and Rlim^A-oo/FnA-oc) 
lim n (s/*ig)Z n ) = 0, since there are natural injective maps s/*< 
lim„ Hom(s/, Z n ) = Hom(s/, lim„ Z„) — 0. Now s/* ® Z n 

® A n , hence in the limit s/* (g) A_oo — > lim„(j24 ® A n ) is surjective. 

The commutativity of the diagrams in Dcfinition l2.7l is immediate since they are obtained as the inverse 
limits of the corresponding diagrams involving A n and v n . Thus A-^ is a complete ^-comodule. □ 

Corollary 2.9. Let \Yn\ n be a tower of spectra as in (|2.ip . each bounded below and of finite type 
over ¥ p , with homotopy limit Y . Then the continuous cohomology H*(Y) = colim„ H*(Y n ) is an si - 
module, the continuous homology H%(Y) = lim„ H^(Y n ) is a complete s/^-comodule, and there are natural 
isomorphisms Hom(iJ*(y), F p ) = H%(Y) and Hom c (iJ^(K), ¥ p ) = H*{Y), in the respective categories. 

□ 



3. The algebraic Singer constructions 

Classically, the algebraic Singer construction is an endofunctor on the category of modules over the 
Steenrod algebra. In t j3.ll we recall its definition, and a key property proved by Adams, Gunawardena 
and Miller. We then dualize the construction in £13.21 

Later, we will see how the algebraic Singer construction arises in its cohomological (resp. homological) 
form as the continuous cohomology (resp. continuous homology) of a certain tower of truncated Tate 
spectra. This tower of spectra induces a natural filtration on the Singer construction. We introduce this 
filtration in purely algebraic terms in the present section, and will show in ^5.41 that the algebraic and 
topological definitions agree. 
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3.1. The cohomological Singer construction. 



Definition 3.1. Let M be an ■eZ-module. The Singer construction R + (M) on M is a graded ^-module 
given additively by the formulas 

E- 1 fl+(M) = P{x, x- 1 ) ® M 

for p = 2, and 

E^R+iM) = E{x) <g> P(y, jT 1 ) ® M 

for p odd. Here deg(x) = 1, deg(y) = 2, and S _1 denotes desuspension by one degree. The action of the 
Steenrod algebra is given, for r S Z and a G M, by the formula 

(3.1) Sq s (x r ® a) = {l-2j) xT+S ~ 3 ® Sq3(a) 

for p = 2, and the formulas 

P s (y r ® a) = ]T f r ~ y H-(p-x)(.-i) 0P i (a ) 
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s - pj 



+ y( r -(p- !)■?' - A r+(p-D(-i)-i 0(8P i (a) 

Y V s-pj-l J 

P W 1 ®a)-yf'' _(P_ 1)j ~ ^ sj/'+G-W-fl- 1 ® P*(a) 
^ V s-pj J 



and 



for p odd. 



/% r ® a) = 
f3{xy r ~ 1 (g>a) =y r (Z>a 



This is the form of the Singer construction that is related to the cyclic group C p . The cohomology of 
the classifying space of this group is H*{BC P ) = E{x) ® P(y) for p odd, with deg(x) = 1, deg(y) = 2 
and j3(x) = y, as above. The natural ^/-module structure on H*(BC P ) extends to the localization 
H*(BC p )[y~ 1 } = E{x) <S> P(y,y~ 1 ), and letting M = ¥ p we get that S _1 i? + (F p ) is isomorphic to 
H*{BC p )[y~ 1 ] as an ^-module. The case p — 2 is similar. 

When p odd there is a second form of the Singer construction, related to the symmetric group S p . 
Following [H p. 272] we identify H*{BY> p ) with the subalgebra E{u) <8> P(v) of H*{BC P ) generated 
by u = —xy p ~ 2 and v — ~y p ~ 1 , with deg(it) = 2p — 3 and deg(w) = 2p — 2. The smaller form of the 
Singer construction then corresponds to the direct summand E(u) ® P(v, ® M of index (p — 1) in 
E(x) ® P(y,y~ 1 ) £g> M. Explicit formulas for action of the Steenrod operations on the smaller form of 
the Singer construction are given in [22J (3.2)], [22 §2] and p. 47]. 

In our work, we are only concerned with the version of the Singer construction related to the group 
C p . The exact form of the formulas in Definition 13.11 is justified by Theorem 15.21 below . 

3.1.1. The cohomological e-map. An important property of R+(M) is that there exists a natural homo- 
morphism e: R + (M) — > M of ^/-modules. In Singer's original definition for p — 2, the map is given by 
the formula 



(3.2) e(Sa; r - 1 ® a) = 



Sq r (a) for r > 0, 
for r < 0. 



For p odd, the srf -submodule spanned by elements of the form £i/ p ® a or Cg) a is a direct 

summand in R + (M). The homomorphism e is given by first projecting onto this direct summand and 
then composing with the map 

E>- 1,r ®a^ -(-l) r pP r (a) 
( 3 - 3 ) < n 1 

for r > 0, still mapping to for r < 0. See [9J p. 50]. It is clear that e is surjective. 

We recall the key property of e. Adams, Gunawardena and Miller [I] make the following definition. 



Definition 3.2. An .eZ-module homomorphism L — > M is a Tor -equivalence if the induced map 

(3.4) To<„ (F P1 L) Tbr* (F p , M) 
is an isomorphism. 

The relevance of this condition is: 

Proposition 3.3 ([TJ 1.2]). If L — > M is a "Tot -equivalence, then for any si ' -module N that is bounded 
below and of finite type the induced map 

(3.5) Exty (M, N) Exty (L, N) 
is an isomorphism. 

Here is their key result, proved in [1] 1.3]. 

Theorem 3.4 (Gunawardena, Miller). The Singer homomorphism e: i?+(M) — > M is a Tor-equivalence. 

We will later encounter instances of ^-module homomorphisms R+(M) — > M induced by maps of 
spectra. It is often possible to determine those homomorphisms by the following corollary. 

Corollary 3.5. Let M, N be s/ -modules such that N is bounded below and of finite type. Then 

e* : Hom rf (M, N) -)■ Hom rf (R+ (M) , N) 

is an isomorphism, so any si -linear homomorphism f : R + (M) — > N factors as goe for a unique s/ -linear 
homomorphism g: M — > N : 

R+(M) >■ M 




N 

Proof. This is clear from Theorem 13.41 and Proposition 13.31 □ 

Remark 3.6. A special case of this occurs when M — N is a cyclic .sa^-module. Then 

F. p = Honw(M, M) = Hom^ (R + (M), M) , 
so any ^-linear homomorphism R + (M) — > M is equal to a scalar multiple of e. 

3.2. The homological Singer construction. Before we define the homological version of the Singer 
construction on an ^4-comodule M», we need to discuss a natural filtration on the cohomological Singer 
construction. For a bounded below ^-module M of finite type over F p , let 

F n R+{M) = ¥ 2 {T,x r ®a\reZ, deg(a) = q, l + r~q>n} 

for p = 2, and 

F n R+(M) = ¥ p {T,x l y r <g> a \ i £ {0, 1}, r E Z, deg(a) = q, 1 + i + 2r - (p - l)q > n} 
for p odd. In each case a runs through an F p -basis for M. Then 

(3.6) • • • c F n R+(M) c F n - l R + {M) c • • • C R+{M) 

is an exhaustive filtration of R+(M), which is clearly Hausdorff. Because M is bounded below and of 
finite type, each F n R + (M) is bounded below and of finite type, so Rlim„ F n R + (M) is trivial. Hence 
the filtration is complete. 

For reasons made clear in Corollarv l5.16l we will refer to this filtration as the Tate filtration. When M 
is the cohomology of a bounded below spectrum of finite type over F p , we will see how (I3.6|) is induced 
from topology. In this case, it will be immediate that the filtration is one of ^-modules. For a general 
^/-module M, this can be checked directly using the explicit formulas in Definition 13.11 

We are now in the situation discussed in the previous section, with A n = F n R + (M) and A~°° = 
R+(M). Letting F n R + {M) Sf = Hom(F"i?+(M), F p ) = A n we get an inverse system 

(3.7) ► F n ~ 1 R + (M)* F n R+{M)* -> • • • 

as in (|2.7[) . dual to the direct system (I3.6[) . We are interested in the inverse limit A-oo — lim„ A n , with 
the linear topology given by this tower of surjections. Recall Definition 12.71 of a complete jz^-comodule. 



Definition 3.7. Let Af* be a bounded below ^-comodule of finite type. Its dual M = Hom(M*,F p ) 
is a bounded below ^-module of finite type, and AT* = Hom(Af, F p ). We define the homological Singer 
construction on M* to be the complete .K^-comodule given by 

R+{AQ = Hom(P + (Af),F p ) . 

It is isomorphic to the inverse limit lim„ F n R + {M) t ,. 

A more explicit description can be given. For p = 2 the F2-linear dual of 

ff— (C 2 ;F 2 ) = ZH*(C 2 ;F 2 )[x- 1 } = EPfoar 1 ) 

is isomorphic to the ring of Laurent polynomials Pt~*(Ci\ F2) = P(u, u -1 ), where deg(w) = —1 and u~ r 
is dual to Ex r " 1 . For p odd, the F p -linear dual of 

is isomorphic to H~*(C p ;F p ) = E{u) <g> P(<,t _1 ), where deg(u) = — 1, deg(t) = -2 and u 1 ~ % t~ r is dual 
to Sa; l 2/ r '" 1 . These notations are compatible with those from [5], We get the following identifications: 

F n R+(M)* £S F 2 {u r ® a I r € Z, deg(a) = g, r + q < -n} 

for p = 2, and 

F n R+{M)* = F p {u l t r ®a\ie {0,1}, r G Z, deg(a) = g, i + 2r + (p - l)g < -n} 

for p odd. In each case a ranges over an F p -basis for M*. The maps of (|3.7p are given by the obvious 
projections. Thus, i? + (Af*) is isomorphic to the graded vector space of formal series 

00 

r=— 00 

for p = 2, and 

00 00 

r— — 00 r=— 00 

for p odd. In each of these sums r is bounded below, but not above, since M* is bounded below. 

Using the linear topology on P + (Af*) given by the kernel filtration coming from (|3.7p . we may refor- 
mulate this as follows: Let 



A = P-*(C P ;F P ) = 



P^u" 1 ) tovp = 2, 

E{u) <g> P{t,t- 1 ) for p odd. 



Consider A ® M* C P + (M»). For every n the composition A (g> M, C P+(M») ->• P"P + (M)* is 
surjective, so the completed tensor product A <g) Af* (for the linear topology on A derived from the 
grading) is canonically isomorphic to i? + (Af«). 

3.2.1. The homological e^-map. Let 

e»: -> R+(M*) 

be the dual of e: P+(M) — > Af. Then e* is a continuous homomorphism of complete ,2^-comodules. 
Continuity is trivially satisfied since the source of e* has the discrete topology. 
Dualizing (|3.2[) and f|3 .3[) . we see that e* is given by the formulas 

oc 

(3.8) e*(a) =^^ r ®Sq:(a) 

r=0 

for p = 2, and 

00 00 

(3.9) e.(a) - ^(-l)^-(f- 1 )'" ® PJ( a ) - ^(-l)^*-^" 1 ^- 1 ® (/3P r )»(a) 

r=0 r=0 

for p odd. This expression may be compared with [TJ (3.6)]. It is clear that e* is injective. 

Lemma 3.8. Let M and N be bounded below si -modules of finite type, and let Af* and iV* be the dual 
s/*-comodules. Then 

e* : Honw, (AT* , M*) Hom^ (AT* , P+ (M» ) ) 
is an isomorphism, so any continuous £/„-comodule homomorphism /* : iV* — ► P + (Af*) factors as /* = 
e* o g» /or a unique sf*-comodule homomorphism g* : N* — > M*. 
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Proof. Notice that Honw, (N* , Af* ) = Hom^ (iV*, M*) and ^ ® JV* = .s/* § iV*, since M» and A* are 
discrete. Applying Hom(— , F p ) to a commutative square 



£/®R+{M) ■ 
10/ 



->i?+(M) 
/ 



we get a commutative square 



srf* ®R+(M*) <- 
i§/» 

of continuous homomorphisms, where i?+(M*) and .e/* <g> i?+(M*) have the limit topologies, while iV H 
and g/i,®N* are discrete. Applying Hom c (— , F p ) to the latter square we recover the first, by Lemma [276 
Hence the right hand vertical map in the commutative square 



— >N 

f, 



-> Hom rf (R + (M),N) 



Honw (M,N) 



Honw, (JV*,M») -^-> Hom^ (JV„ R+(M,)) 

is an isomorphism. It is easy to see that the left hand vertical map is an isomorphism, and the upper 
horizontal map is an isomorphism by Corollarv l3.5l □ 

3.2.2. Various remarks on the homological Singer construction. The following remarks are not necessary 
for our immediate applications, but we include them to shed some light on the coaction v. R + (M*) — > 
srf* ® i?+(M*) and the dual Singer map e* : M* — > R + {M Sf ), and their relations to the completions 
introduced so far. 

Dualizing (|3.1[) . we get that the dual Steenrod operations on classes u r (g> a in A ® M* C J2+(M*) are 
given by 



(3.10) 



Sq> r "'> = E( ^_2j " ' S<r ' (ni 



for p = 2, and similarly for p odd. This sum is finite, since Af* is assumed to be bounded below, so we 
have the following commutative diagram: 



(3.11) 



R+{M* 



-t st* ® R+(M*) 



A ® M* >■ ^ ® (A <g> M*) 

Two remarks are in order. First, A (g> M* is not complete with respect to the subspace topology from 
R+(M»). Hence A <g) M* is not a complete .c^-comodule in the sense explained above. Second, there 
are elements u r (g> a in A (g) M* with the property that SqJ (it r (g a) is nonzero for infinitely many s, and 
similarly for p odd. For example, SqJ(w _1 ® a) contains the term 

w s 1 ® a = I ^ J u s 1 <g a 

for j = 0, according to p. 101) . This equals u s ~ 1 <E> a whenever s — 2 e is a power of 2, so viuT 1 (g> a) is 
an infinite sum. Hence A <g Af* is not an algebraic ja^-comodule, either. 

We will now identify the image of the homological version of the Singer map 

e*: M* -> R+(M*) 

with the maximal algebraic .e^-comodule contained in i? + (M„). 
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Definition 3.9. Given a complete ^-comodule AT*, let -ZV» lg C N* be given by the pullback 

N* lg > sf* ® N* 



N* > si* § N* 

in graded F p -vector spaces. In other words, AC' g consists of the a G N* whose coaction v(a) — 
^2 j Sql ®ai (in the notation for p — 2) is a finite sum, rather than a formal infinite sum. Here / 
runs over the admissible sequences, so that {Sq*}/ is a basis for si*, and ai — Sq*(a). 

Lemma 3.10. The restricted coaction map z/|AC lg factors (uniquely) through the inclusion si* ®N* S C 
si* ® N*, hence defines a map 

^alg . jyalg g N fg 

that makes N* ls an si*-comodule in the algebraic sense. 
Proof. The composite 

Nf g > si* ® N* > si* ® [si* ® N*) 



factors as 



AC S > si* ® N* > si* ® si* ® N* C ® (si* <g> AT,) 



by coassociativity (|2.11j) of the complete coaction. Hence v\ AC' 8 factors through the pullback si* eg) Af alg 
in 

si* <g> AL alg ► si*® si*® N* 



si* ® N* ► si* <E) (si* § iV*) . 

Algebraic counitality and coassociativity of the lifted map ^ alg follow from the corresponding complete 
properties of v. □ 

The following identification stems from a conversation with M. Bokstedt. 

Proposition 3.11. The image of the injective homomorphism e*: M* — ¥ R + (M*) equals the maximal 
algebraic sub si*-comodule R+(M*) als C R+(M*). 

Proof. Let L* be any algebraic ^-comodule. Given any a £ L*, with coaction v(a) — J2i Sqi ®cti, let 
(a) C L* be the graded vector subspace spanned by the cti = Sq*(a). Here we are using the notation 
appropriate for p = 2; the case p odd is completely similar. Since v(a) is a finite sum, (a) is a finite 
dimensional subspace. Furthermore, it is a sub «e/*-comodule, since v(ai) — Sq^ ® Sqjf (aj) and 
Sq^(ar) = (Sq J Sq J )*(a) is a finite sum of terms Sqf"(a) = ajf. 

Now consider the case L* = i? + (M*) alg . It is clear that e*(M*) C i? + (M*) alg , since M* is an algebraic 
«e/*-comodule and e* respects the coaction. Let a G R + (M*) als be any element, and consider the linear 
span 

N* = e*(M*) + (a) C i? + (A/») alg . 
It is bounded below and of finite type, so by Lemma \'3. 81 there is a unique lift g* 




>R+(M*) 



of the inclusion f*: N* — >■ R + (M*). Hence AT, C e*(M*), so in fact a £ e*(M*). □ 
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4. The Tate construction 



We recall the Tate construction of Greenlees, and its relation with homotopy orbit and homotopy 
fixed point spectra. We then show how it can be expressed as the homotopy inverse limit of bounded 
below spectra, in two equivalent ways. This lets us make sense of the continuous (co-)homology groups 
of the Tate construction. 

We then describe the homological Tate spectral sequences. There are two types, one converging to the 
continuous homology of the Tate construction and one converging to the continuous cohomology. The 
terms of these spectral sequences will be linearly dual to each other, but, as already noted in W2.21 their 
target groups will only be dual in a topologized sense. The main properties of these spectral sequences 
are summarized in Propositions 14. 141 14.151 and 14.171 

4.1. Equivariant spectra and various fixed point constructions. We review some notions from 
stable equivariant homotopy theory, in the framework of Lewis-May spectra [18] . Let G be a compact 
Lie group, quite possibly finite, and let ^ be a complete G-universe. We fix an identification °i/ G = R°°, 
and write i : R°° — > ^ for the inclusion. 

Let GSfty be the category of genuine G-spectra, and let GS^M.°° be the category of naive G-spectra. 
Similarly, let ^R°° be the category of (non-equivariant) spectra. The restriction of universe functor 
i*; Gy% ->• Gym. 00 has a left adjoint, the extension of universe functor i„: GJ^R°° -»■ G3"% , see 

m §n.i]. 

The functor J^R 00 — > GJ^R 00 , giving a spectrum the trivial G-action, has a left adjoint taking a 
naive G-spectrum Y to the orbit spectrum Y/G, as well as a right adjoint taking Y to the fixed point 
spectrum Y G . For a genuine G-spectrum X, the orbit spectrum X/G = (i*X)/G and fixed point 
spectrum X G = (i*X) G are defined by first restricting to the underlying naive G-spectra. 

Let EG be a free, contractible G-CW complex. Let c: EG+ — > S° be the collapse map that sends 
EG to the non-base point of S°, and let EG be its mapping cone, so that we have a homotopy cofiber 
sequence 

(4.1) EG+ 4S°-> EG 

of based G-CW complexes. The n-skeleton EG^ of EG is then the mapping cone of the restricted 
collapse map EG+ — > S°, for each n > 0. We may and will assume that each skeleton EG^ n ^ is a 
finite G-CW complex. 

Definition 4.1. For each naive G-spectrum Y let YhG — (EG+ AY)/G be the homotopy orbit spectrum, 
and let Y hG = F(EG+, Y) G be the homotopy fixed point spectrum. For each genuine G-spectrum X let 

X hG = (EG+ A i*X)/G = (i*X) hG 

and 

X hG = F{EG+,X) G = {i*X) hG 
be defined by first restricting to the G-trivial universe. Furthermore, let 

X tG = [EG A F(EG+, X)] G 

be the Tate construction on X. This is the spectrum denoted M{G,X) by Bokstedt and Madsen [S] and 
tc{X) G by Greenlees and May [T4] . 

The Segal conjecture is concerned with the map T : X G — > X hG induced by F(c, 1) : X = F(S n : X) — > 
F(EG+, X) by passing to fixed points. By smashing the cofiber sequence (14.1[) with F(c, 1) and passing 
to G-fixed points, we can embed this map in the following diagram, consisting of two horizontal cofiber 
sequences: 

[EG+ A X] G ► X G ► [EG A X] G 



[EG+ A F(EG+, X)] G > F{EG+, X) G ► [EG A F(EG+,X)} G 

The adjunction counit e: i*i*X — > X and the map F(c, 1) are both G-maps and non-equivariant equiv- 
alences. By the G- Whitehead theorem, both maps 

1 At: i sr {EG+ A i*X) = EG+ A iJ*X EG+ A X 
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and 

1 A P(c, 1) : EG+ M-> EG+ A F{EG+,X) 

are genuine G- equivalences. Hence we have the equivalence indicated on the left. Furthermore, there is 
an Adams transfer equivalence 

(4.2) t: (E ad G EG + Ai*X)/G -=* [i*(EG+ A i* X)f , 

where adG denotes the adjoint representation of G. See jTHl §11.2] and O Part I] for further details. 

In the cases of interest to us, when G is discrete or abelian, the adjoint representation is trivial so that 
^adG _ ^dimG^ jj ence we m ay rewrite the diagram above as the following norm-restriction diagram 

N . R 



(4.3) 



iG v 
A. 



KG ' 



^dim G 



XhG ' 



N" 



^x G - 

r 

^ x hG. 



[EG AX 
f 

^X tG 



G 



for any genuine G-spectrum X. We note that the adjunction counit e: i*i*X — > X induces equivalences 
(i*i*X) hG ~ and (i^*X) /lG ~ X hG , hence (i*i*X)* G ~ X tG , so the Tate construction on X only 
depends on the naive G-spectrum underlying X. 

The spectra in the lower row have been studied by means of spectral sequences converging to their 
homotopy groups, e.g. in [5], [IS], [32], [2] and [TB]. These spectral sequences arise in the case of 
the homotopy orbit and fixed point spectra by choosing a filtration of EG, and by a filtration of EG 
introduced by Greenlees [12] in the case of the Tate spectrum X tG . We shall instead be concerned with 
the spectral sequences that arise by applying homology in place of homotopy. 

4.2. Tate cohomology and the Greenlees nitration of EG. We recall the definition of the Tate 
cohomology groups from [TUl XII. 3], and the associated Tate homology groups. Let G be a finite group, 
let F p G = F p [G] be its group algebra, and let (P*,d*) be a complete resolution of the trivial F p G-modulc 
F p by free F p G-modules. This is a commutative diagram 



-+P- 



of FpG-modules, where the P„'s are free and the horizontal sequence is exact. The image of do is identified 
with F p , as indicated. 

Definition 4.2. Given an FpG-module M the Tate cohomology and Tate homology groups are defined 

by 

H n (G; M) - iJ"(Hom FpG (P,,M)) 

and 

H n (G;M) = H n {P*® rpG M), 

respectively, where (P„, d*) is a complete FpG- resolution. (To form the balanced tensor product, we turn 
P* into a complex of right F p G-modules by means of the group inverse.) These groups are independent 
of the chosen complete FpG-resolution, and there are isomorphisms 

H n {G;M)^H- n - X {G;M) 

and 

Hom(PT n (G;M),Fp) = H n (G; Hom(M, F p )) 
for all integers n. Note that we do not follow the shifted grading convention for Tate homology given in 

m H.2]. 

The topological analogue of a complete resolution is a bi-infinite filtration of EG, in the category 
of G-spectra, which was introduced by Greenlees [12] ■ We recall the details of the construction. For 
brevity we shall not distinguish notationally between a based G-CW complex and its suspension G-CW 
spectrum. For integers n > we let E n = EG^ be (the suspension spectrum of) the n-skeleton of EG, 
while P_„ = D(E n ) = F(EG^ n ' , S) is its functional dual. These definitions agree for n — 0, as Eq = S 
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is the sphere spectrum. Splicing the skeleton filtration of EG with its functional dual, we get the finite 
terms in the following diagram 



(4.4) 



D{EG) 



E—i — y Eq — S — y E\ — y Ei 



■ EG , 



which we call the Greenlees filtration. Both EG ~ hocolim„ E n and D(EG) ~ holim„ E n are non- 
equivariantly contractible. 

Applying homology to this filtration gives a spectral sequence with E\ t — H s+t (E s / E s -i) that con- 
verges to H*(EG, D(EG)) = 0. It is concentrated on the horizontal axis, since E n /E n _i is a finite wedge 
sum of G-free n-sphere spectra G+ A S n for each integer n. Hence the spectral sequence collapses at the 
i? 2 -term, and we get a long exact sequence 



(4.5) 



' H 2 (E2/ Ei) 



H 1 (E 1 /E I 




Ho{Eo/E^i) 



H (S) 

of finitely generated free F p G-modules. Letting 

P n = Hn+i{E n +\ / E n ) 
and d n — d^ l+1 for all integers n yields a complete resolution (P*, d*) of F p = Hq(S). 

4.3. Continuous homology of the Tate construction. Let G be a finite group and let X be a 
genuine G-spectrum. By means of the Greenlees filtration, we may filter the Tate construction X tG by 
a tower of spectra. 

Definition 4.3. For each integer n let EGjE n ^\ be the homotopy cofiber of the map E n —i — y EG, and 
define 

X fG [-oo, n-l] = [E n -i A F{EG+, X)f 
X tG [n] = X tG [n, oo] = \EG/E n _x A F(EG+,X)] G . 

Smashing the cofiber sequence £ n _i — > EG — > EGjE n _\ with F(EG+, X) and taking G-fixed points, 
we get a cofiber sequence 



X 



tG\ 



-oo,n-l] -)• X tG ->■ X tG [n,oo 



for each integer n. The maps — > E n in the Greenlees filtration (14.4)) induce maps between these 
cofiber sequences, which combine to the "finite n parts" of the following horizontal tower of vertical 
cofiber sequences: 



(4.6) 



>X tG [-oo,7i-l] >X 



LG\ 



-oo, n\ 



i a 



X 



LG 



X 



LG 



^X tG 



^X tG 



> X tG [n, oo] 



Lemma 4.4. Let X be a G-spectrum. Then 



holim X 

n— > — oo 



tGr 



>X tG [n+l,oo] 



and hocolim X [n, oo] 



-> X 



^X tG 



.so 



holim X tG [n,oo] ~ X 



fG 



hocolim X tG [-oo,n] ~ X tG . 



Proof. For negative n, i?„ = D(E m ) for m = — n, and there is a G-equivariant equivalence j/: D(E m ) A 
Z F(E m , Z) for any G-spectrum Z, since the finite G-CW spectrum E m is dualizable [TBI HI. 2. 8]. 
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Hence 

holim X tG [-oo,n] = holim [E n A F{EG+,X)] G 

n— y— oc n — y — co 

= holim [D(-E m ) A F{EG+,X)] G ~ holim F(S m A £G+, X) G 

m— >oo m— >oo 

= F(hocolim^ m A £G+,X) G ~ F(Sg A EG+,X) G , 

which is contractible because EG A EG+ is G-equivariantly contractible. 

For the second claim we use that EG/E n is a free G-CW spectrum. Indeed, for n > 0, EG/E n ~ 
H(EG I EG( n ~^ ) . Thus, by the G- Whitehead theorem and the Adams transfer equivalence (|4.2[) we have 

hocolim X tG [n+l, oc] = hocolim [EG/E n A F(EG+, X)] G 

n—>oo n— »oo 

~ hocolim [EG/E n A X)] G ~ hocolim [EG/E n A i*i*X)] G 

n— »-og ' n— >-oo 

~ hocolim {EG/E n A i*X) /G (hocohm £GAE n A /G , 

which is contractible since hocolmin-^oo (EG/E n ) is G-equivariantly contractible. The remaining claims 
follow, since the homotopy limit of a fiber sequence is a fiber sequence, and the homotopy colimit of a 
cofiber sequence is a cofiber sequence. □ 

Hereafter we abbreviate X tG [n, 00] to X tG [n]. We will refer to the lower horizontal tower (X tG [n]} n 
in (I4.6[) as the Tate tower. The following two lemmas should be compared with the sequences (I2.6[) 
and (|2~7)1 . 

Lemma 4.5. Let X be a G-spectrum. Then 

lim iJ*pf* G [n]) = RlimiJ*pf* G [n]) = co\m\H*{X tG [n\) =0. 

Proof. In cohomology, we have a Milnor lim-Rlim short exact sequence 

-> RlimiJ'*" 1 (X tG [n]) -> if* (hocolim I iG [n]) -> hm iP (X tG [n] ) -+0. 

By Lemma 14.41 the middle term is zero, hence so are the other two terms. In homology, we have the 
isomorphism 

colimif*(X* G [n]) = H* (hocolim X tG [n]) . 

n— >oo n— >oo 

By the same lemma the right hand side is zero. □ 

Lemma 4.6. Suppose that X is bounded below and of finite type over ¥ p . Then each spectrum X [n] 
is bounded below and of finite type over ¥ p . Hence 

Rlim HJX tG [n]) = 0. 
n— >— 00 

Proof. Let X tG [n, m] = [£ m /£ n -i A F(EG+, X)] G . For m > n there is a cofiber sequence 

X tG [n, m-1] ->• X tG [n, m] -> \/ E m X , 

with one copy of T, m X in the wedge sum for each of the finitely many G-free m-cells in EG. Since the 
connectivity of Y> m X grows to infinity with m, the first claim of the lemma follows by induction on m. 
The derived limit of any tower of finite groups is zero, which gives the second conclusion. □ 

We use the lower horizontal tower {X* G [n]}„ in (I4.6[) to define the continuous (co-)homology of X tG , 
as in Definition 12.31 and Corollarv l2.9l 

Definition 4.7. Let G be a finite group and X a G-spectrum whose underlying non-equivariant spectrum 
is bounded below and of finite type over F p . By the continuous cohomology of X tG we mean the sf- 
module 

H*(X tG ) = colim H*(X tG [n}) . 

n—t — oo 

By the continuous homology of X we mean the complete ^-comodulc 

Hl(X tG )= lim H*(X tG [n}). 

n— 00 

There is a natural isomorphism Hom(H*(X tG ),¥ p ) = H%(X tG ) of complete ja4-comodules, as well as a 
natural isomorphism Rom c (H^(X tG ),¥ p ) = H*(X tG ) of ^/-modules. 

18 



Remark 4.8. Different G-CW structures on EG wiii give rise to different Greenlees fiitrations and Tate 
towers, but by cellular approximation any two choices give pro-isomorphic towers in homology. The 
continuous homology, as a complete .e^-comodule, is therefore independent of the choice. Likewise for 
continuous cohomology. 

We end this subsection by giving a reformulation of the Tate construction, known as Warwick duality 
(131 §4], which will be used in ^5.21 when making a topological model for the Singer construction. 

Proposition 4.9 ( 14, 2.6]). There is a natural chain of equivalences 

Y,F(EG, EG+ A X) G ~ [EG A F(EG+, X)] G = X tG . 

Proof. We have a commutative diagram of G-spectra 



(4.7) 



„ F(c, 1A1) 

EG+ A X -> F{EG+,EG+ A X) 



F(EG +1 EG+ AX) 

F(l,cAl) 

^F(EG+,X). 



EG+ A EG+ A X 

lAF(c,cAl) 

EG+ AF{EG+,X) 

The maps labeled ~ are G-equivalences. The proposition follows by taking horizontal (homotopy) cofibcrs 
and fixed points. □ 

We now strengthen this to a statement about towers. 
Lemma 4.10. For each integer m there is a natural chain of equivalences 

YiF{E m , EG + A X) G ~ [EG~/ E_ m A F(EG+, X)] G = X tG [l-m] 
connecting the tower 

Y,F(EG, EG + A X) G -> > Y,F(E m+1 , EG+ A X) G ->■ T,F(E m , EG+ A X) G -> ... 

to the Tate tower 

X tG -> ► X tG [-m] -> X tG [l-m] 



Proof. We give the proof for the more interesting case m > 0, leaving the case m < to the reader. Let 

S° be the restricted collapse map, and let 



i m :EG^- 1] 



EG 



(m-l) 



EG+ be the inclusion, let c m : EG+ 1 ^ 



EG 



(m-l) 



A EG+ be the diagonal. We have a commutative diagram of G-spectra 



(4.8) 



F(EG+,EG+ AX) 



F(i m , 1A1) 



->F{EG { + 1] ,EG + AX) 

F(« m ,lAl) 



. F(c m Al,lAl) c„ i \ 

F(EG+, EG+ A X) ^ cv cW™- 1 ) 



F(l,cAl) ~ 

F(£G+,X) 



F(EG+,X) 



F(c m ,l) 



> F{EG " L > A EG+ , £G+ A X) 

~ F(lAl,cAl) 
f(m-l) 



F(.EGr~ AJ ,F(£G + ,X)) 



^Z3(^G^ m_1) ) AF{EG+,X) 



On the right hand side, the middle vertical map makes use of the identification F(EG { + 1} A EG+ ,X) = 



F{EG ( + 1] ,F{EG+,X)), while the lower vertical map v is an equivalence because EG + is dualiz- 
able. 

The left hand side of (I4.8[) matches the right hand side of (|4.7I) . Combining these two diagrams, and 
taking horizontal (homotopy) cofibers, we get a chain of G-equivalences connecting the cofiber of 



-((m-l) • 



F(c m , 1 A 1) : EG+ Al-> F(FG 
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(m-l) 



FG+ A X) 



to the cofiber of 



(Dc m o c) A 1 : EG+ A F{EG+,X) -> D{EG { ^~ 1] ) A ^(£G+, X) . 



The cofiber in the upper row is G-equivalent to YiF{E m , EG+ A X), since E m is the mapping cone of 
c m . The cofiber in the lower row is G-equivalent to EG/E- m A F(EG+, X), because of the following 
commutative diagram with horizontal and vertical cofiber sequences: 



EG, 



D(E„ 



-> EG 



EG+ DCm ° c > nfnnfr-Q 



> D(EG™~) ► EG/E- m 

The lemma follows by passage to G-fixed points. It is clear that these equivalences are compatible for 
varying m > 0. □ 

Corollary 4.11. The continuous (co-) homology of X tG may be computed from the tower 



X 



tG 



Y,F(E m+1 ,EG+ AX) G -> EF(E m ,EG + A X) c 



H*(X tG ) ^ colim £ir(F {E m ,EG+ A X) G ) 

m—toc 



H^{X tG )= lim EH,(F(E m ,EG+ A X) G ) 



4.4. The (co-)homological Tate spectral sequences. Let G be a finite group and X a G-spectrum. 
The cofiber sequence E s jE s ^\ — > EGjE s -\ — > EG/E S induces a cofiber sequence 



[E S /E S ^AF(EG + ,X)} G ^X 



G > vtG\ i * , Y tG 



X tu [s+1] 



for every integer s. The left hand term is equivalent to 

[E./E.-1 A X] G ~ (E s /E s ^ A i*X)/G 

since E s /E s -x is G-free. 

Applying cohomology, we get an exact couple of ^-modules 



(4.9) 



A s+1 >* > A s > 



El 



with 

A s.t = ^+t(x tG [ s ]) and E s / = H s+t {{E s /E s ^ A i*X)/G) . 

By Lemma |4~51 lim;, A s = Rlim s A s = 0, so this spectral sequence converges conditionally to the colimit 
H*(X tG ), in the first sense of [3J 5.10]. Applying homology instead, we get an exact couple of algebraic 
,e/*-comodules 



(4.10) 



A, 



El. 



with 

A Stt =H s+t (X tG [s}) and E] t — H s+t ((E s /E s -i A i*X)/G) . 

By Lemma [4.51 colim s A s = 0, so this spectral sequence converges conditionally to the limit H^(X tG ), 
in the second sense of [3J 5.10]. 
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We can rewrite the £' 1 -term as 

El t S H S (E S /E S ^) ® ¥pG H t (X) = P s _x ® FpG H t (X) , 
and the d 1 -differential is induced by the differential in the complete resolution (P*, <£»), so 

B s 2 it £* H a _ x (G;H t {X)) = H- s (G;H t (X)) . 

Dually, the i?i-term is 

E[ A = Hbm(P,_i ® ¥pG H t (X),F p ) = Hom FpG (P,_i, 

and 

Definition 4.12. Let G be a finite group and X a G-spectrum. The cohomological Tate spectral sequence 
of X is the conditionally convergent spectral sequence 

E s 2 ' 1 = iL s (G; H\X)) =>■ ff c s+ *(X) 

associated with the exact couple of modules (|4.9p . Dually, the homological Tate spectral sequence of 
X is the conditionally convergent spectral sequence 

El t = H- s (G;H t (X)) Jf s c +t (X) 

associated with the exact couple of .e/*-comodules (j4.10|) . 

Remark 4.13. There is a natural isomorphism Ep 1 = Hom(.E£ t , F p ) for all finite r, s and t, so that the d r - 
differential dp* : E*'* -> j s ^ ne ii near <j ua i f the <f -differential ds +r t _ r+1 : E r s+r t _ r+1 -> t . 

In this sense the cohomological Tate spectral sequence is dual to the homological Tate spectral sequence. 

To get strong convergence, we need X to be bounded below in the cohomological case, and that X is 
bounded below and of finite type over F p in the homological case. 

Proposition 4.14. LetG be a finite group and X a G-spectrum. Assume that X is bounded below. Then 
X tG is the homotopy inverse limit of a tower {X tG [s\} s of bounded below spectra, and the cohomological 
Tate spectral sequence 

E S 2 '\X) = H- S {G- H\X)) =► H s +\X tG ) 
converges strongly to the continuous cohomology of X tG as an -module. 

Proof. When H*{X) is bounded below, the cohomological Tate spectral sequence has exiting differentials 
in the sense of Boardman, so the spectral sequence is automatically strongly convergent by [3J 6.1]. In 
other words, the filtration of H^ +t (X tG ) by the sub ^-modules 

F s H*(X tG ) = im(H*(X tG [s]) -> H*(X tG )) 

is exhaustive, complete and Hausdorff, and there are ^/-module isomorphisms 

F s H*(X tG )/F s+1 H*(X tG ) Si E^* . 

□ 

Proposition 4.15. Let G be a finite group and X a G-spectrum. Assume that X is bounded below and 
of finite type over ¥ p . Then X tG is the homotopy inverse limit of a tower {X tG [s]} s of bounded below 
spectra of finite type over¥ p , and the homological Tate spectral sequence 

El t {X) = H- s (G;H t (X)) => H c s+t (X tG ) 

converges strongly to the continuous homology of X tG as a complete stf^-comodule. 

Proof. When H*(X) is bounded below, the homological Tate spectral sequence has entering differentials 
in the sense of Boardman. The derived limit RE%°* — Rlim r El „ vanishes since H*(X), and thus E% t , is 
finite in each (bi-)degree. Hence the spectral sequence is strongly convergent by [3J 7.4]. In other words, 
the filtration of H° +t (X ) by the complete sub ^,-comodules 

F s Hl{X tG ) = ker(HZ(X tG ) H c r (X tG [s])) 

is exhaustive, complete and Hausdorff, and there are algebraic «e/*-comodule isomorphisms 

F s+1 Hl{X tG )/F s Ht{X tG ) = £~ . 

□ 
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4.4.1. Homotopy vs. Homology. We used the lower tower in (|4.6p : 



(4.11) X tG > >X tG [n] >X tG [n+l] > >* 

to define our homological Tate spectral sequence, by applying homology with F p -coefficients. When 
studying the homotopy groups of the Tate construction, it has been customary to apply 7T*(— ) to the 
upper tower in (|4.6I) : 

(4.12) * ► > X tG [-oo, n-1] > X tG [-oo, n] > > X tG 

Applying a homological functor to these two towers of spectra gives two different exact couples with iso- 
morphic spectral sequences. If we are working with homotopy, we get two spectral sequences converging 
to the same groups. Using (14.121) yields a spectral sequence converging to the colimit 

colim7T„(X tG [-oo,n]) = Tt«{X tG ) , 

n 

while using f|4. 1 1[) yields an isomorphic spectral sequence converging to the inverse limit 

(4.13) lim^(X tG [n]) = 7r,(X tG ) . 

n 

The latter isomorphism assumes that X is bounded below and of suitably finite type, so that the right 
derived limit Rlim„ TT^(X tG [n]) = 0. For example, it suffices if ~k*(X) is of finite type over Z or Z p . 

When working with homology with F p -coefficients, instead of homotopy groups, the failure of the 
isomorphism we made use of in (|4.13p makes the situation more interesting. Applying iJ»(— ) to the 
tower (I4.12j) will produce a sequence of homology groups whose inverse limit is not trivial in general. 
This means that the associated spectral sequence will not be conditionally convergent to the direct limit 

colimii*(A* G [-oo,n]) = H*{X tG ) . 

n 

In fact, we have seen that the (isomorphic) homological Tate spectral sequence, arising from (|4.11l) . 
converges strongly to 

]imH*(X tG [n]) = HC(X tG ), 

n 

which is only rarely isomorphic to H*(X ), since inverse limits and homology do not commute in 
general. 

We end this discussion by noticing that the continuous homology groups of the Tate construction on 
X can be thought of as the homotopy groups of the Tate construction on H A X, where H — H¥ p is 
the Eilenberg-Mac Lane spectrum of ¥ p . In other words, continuous homology of X tG is a special case 
of homotopy. 

Proposition 4.16. For any bounded below G-spectrum X of finite type over ¥ p there is a natural 
isomorphism 

ir*(H A X) tG = H^(X tG ) , 

where H has the trivial G-action. 

Proof. For all integers m we have 

(H M) tG [l-ra] ~ YsF{E m: EG+ AH A X) G 

~ H A ZF(E rn , EG+ A X) G ~ H A X tG [l-m] . 

The first and last equivalences follow from Lemma \A. 101 while the middle equivalence follows from the 
fact that E m is G-equivariantly dualizable. Thus, we have that tt^(H A X)* G [n] = H*{X tG \n\) for all 
integers n. For a general G-spectrum X, we then have the following surjective maps: 

(4.14) n*(HAX) tG ^ lim 7r*(iJ A X) tG [n] 

n— y— oo 

lim H*(X tG [n}) =Ht{X tG ). 
n— >— oo 

Since X was assumed to be bounded below and of finite type over F p , the groups in the first inverse limit 
system are all of finite type over F p , so their Rlim vanishes and the map in (I4.14p is an isomorphism. □ 

The previous proposition and discussion tells us that the continuous homology of X can be consid- 
ered both as the direct limit colim„ 7r„(_ff A X) tG [— oo, n] or as the inverse limit lim„ ir*(H A X) tG [n, oo]. 
In both cases, the filtration of the two groups given by their defining towers are the same. 
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4.5. Multiplicative structure. We now discuss how the treatment in [IB] §4-3] of multiplicative struc- 
ture in the homotopical Tate spectral sequence carries over to the homological Tate spectral sequence. 

Let X be a bounded below G-equivariant ring spectrum of finite type over F p . We assume that the 
unit map n: S —> X and the multiplication map /i:IM->I are equivariant with respect to the 
trivial G-action on S and the diagonal G-action on X A X. By [14l 3.5], the homotopy cartesian square 

(4.15) X G — ^— > [EG A X] G 

f 

x hG «!!__> X tG 

in (|4.3p is a diagram of ring spectra and ring spectrum maps. Up to homotopy there is a unique G- 
equivalence / : EG A EG -H> EG, compatible with the inclusion S° — » EG and the homeomorphism 
S° A S° S°. Using /, the multiplication map on X is given by the composition 

[EG A F(EG+, X)] G A [EG A F(EG+, X)] G 



[EG AEG A F(EG+ A EG+,X A X)] G 

/AF(A,m) 

[EG AF{EG+,X)] G . 

The other multiplication maps arise by replacing EG, EG+ or both by S°. The unit map to X G is adjoint 
to the G-map S — > X, since S has the trivial G-action. The other unit maps arise by composition with 
the maps in (|4.15l) . 

The non-equivariant ring spectrum structure on the Eilenberg-Mac Lane spectrum H makes H A X 
a naively G-equivariant ring spectrum, so (H A X) is a ring spectrum. The induced graded ring 
structure on 7r*(i/ A X) tG then gives a graded ring structure on the continuous homology H^(X tG ), by 
the isomorphism of Proposition 14.161 

Proposition 4.17. Let G be a finite group and X a G-equivariant ring spectrum. Assume that X is 
bounded below and of finite type over ¥ p . Then the homological Tate spectral sequence 

% = H- s (G;H t (X)) => H<; +t (X tG ) 

is a strongly convergent s/^-comodule algebra spectral sequence, whose product at the E 2 -term is given by 
the cup product in Tate cohomology and the Pontryagin product on H*(X). 

Proof. Using the Greenlees filtration, we may filter (H A X) tG by the tower (|4.12p . This produces a 
homotopical Tate spectral sequence with E 2 -term 

El t = H- S (G; n t (H A X)) = H- S (G; H t (X)) , 

converging strongly to the homotopy ir s+t (H AX) tG = H% +t (X tG ). By the proof of Proposition ^. 16l it is 
additively isomorphic to the homological Tate spectral sequence of Proposition 14. 151 By [TOJ 4.3.5], it is 
also an algebra spectral sequence, with differentials being derivations with respect to the product. The 
-E°°-term is the associated graded of the multiplicative filtration of ir s+t (H A X) tG given by the images 

im(7r«(ff A X) tG [-oo, s] — ► n*(H A X) tG ) . 

□ 



5. The topological Singer construction 

5.1. Realizing the Singer construction as continuous cohomology. As observed by Miller, and 
presented by Bruner, May, McClure and Steinberger in [5] §11.5], there is a particular inverse system of 
spectra whose continuous cohomology realizes the Singer construction in the version related to the sym- 
metric group Sj,. We go through the adjustments needed to realize the version of the Singer construction 
related to the subgroup C p generated by the cyclic permutation (1 2 • • • p). 
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Let B be a non-equivariant spectrum that is bounded below and of finite type over F p . For each 
subgroup GCEp there is an extended power construction [9 ( §1.5] 

D G (B) = EG k g B {p \ 

well defined in the stable homotopy category. Here B^ denotes the external p-th smash power of B, 
and G permutes the p copies of B. It follows from 1.2.4] that D G {B) is bounded below and of finite 
type over F p . More precisely, we have the following calculation. 

Lemma 5.1 ([9j 1.2.3]). There is a natural isomorphism 

H.(D G (B))eiH.(G;H*(B)S»), 
where G permutes the p copies of H^B). 

The p-fold diagonal map S 1 -)■ S 1 A • • • A S 1 ^ S p induces maps ZD G (B) -> D G (ZB) as in §11.3]. 
Applied to desuspensions of B, these assemble to an inverse system 

(5.1) . . . — ► T, n+l D G {T,- n - 1 B) ^4 E n D G (Z- n B) — >■ . . . A D G {B) 

in the stable homotopy category. This is a tower of bounded below spectra of finite type over F p , so it 
makes sense to talk about its associated continuous cohomology. 

We now follow [JJJ §11.5], but focus on the case G — C p instead of G = E p . There is an additive 
isomorphism 

H*(D Cp (B)) = F p {e <g> oc t © ■ • ■ © a p } © ¥ p {e 3 © a® p } 
where the on and a range over a basis for H*(B), the a, are not all equal, and only one representative is 
taken from each C p -orbit of the tensors ot\ © ■ ■ ■ © a p . The grading is determined by deg(ej) = j. Dually, 
there is an isomorphism 

H*(D Cp (B)) = ¥ p {w © a x © ■ ■ ■ © a p ] © ¥ p { Wj © a® p } 

where the aj and a range over the dual basis for H*(B), and Wj ©a® p is dual to ej ©a® p when a is dual 
to a. It follows that 

(5.2) H*(E n D Cp (Z- n B)) ~ ¥ p {E n w © E~ n ai © •■• © E _n a p } © F p {E n «;j © (E-"a)® p } . 
By [9] II.5.6], the map A in (15 . If) is given in cohomology as 

A*(w, © a® p ) = (-l) i+1 a(?) • Ew i+P _i © (E^a)^ 

where deg(a) = q, m = (p — l)/2 and a(q) = — (— l)™ 9 m!. For p = 2 the numerical coefficient should be 
read as 1. The other classes wo © ai © • • • © a p map to zero. It follows that 

(5.3) (S n A)*(E n w j © (E-"a)® p ) = (-l) 3+1 a(q-n) • E" +1 u; 3+p _ 1 © (T,~ n ~ 1 a)® p . 

The action of the Steenrod algebra si on H*(D Gp (B)) is given by the Nishida relations. Together with 
the explicit formula above for the maps (E™A)*, this determines the direct limit of cohomology groups 
as an ^-module. 

Miller observed that this direct limit can be described in closed form by the Singer construction on 
the ^/-module H*(B), up to a single degree shift. We now give the C p -equivariant extension of the 
E p -equivariant case discussed in [9l II. 5.1]. 

Theorem 5.2. For each spectrum B that is bounded below and of finite type over¥ p , there is a natural 
isomorphism of si -modules 

uj: colim H*(E n D c (E~ n B)) -=» Y,' 1 R+(H* (B)) . 

Proof. For p = 2 the isomorphism is given by 

uj(Z n w j+n © (E~"a)® 2 ) = x 3+q © a 
where deg(a) = q. For p odd, the isomorphism is given by 

w(E n tfl2 (r+mn) ® (E- n a)®*) = (-lj^i/fe-n)- 1 • y r+m « © a 

and 

w(E™w 2 (r+mn)-i ® (E-"a)® p ) = (-l)V(g-n)- 1 • x^"^" 1 © a , 
where deg(a) = g, m = (p — l)/2 and f(2j + e) = (— l)- 7 (m!) e for e E {0, 1}. 

It follows from (|5.3[) and the relation a(q)v(q — 1) _1 = ^(q) -1 that these homomorphisms are com- 
patible under (E n A)*. Then it is clear from (|5.2p that ui is an additive isomorphism. It also commutes 
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with the Steenrod operations on the extended powers, described in II. 5. 5], and the explicitly defined 
Steenrod operations on the Singer construction, given in Definition 13.11 After some computation, the 
thing to check is that a(q)(— l) q+1 v(q + = (— l) 9 i/(g) _1 , which follows from the relation above and 
p{q + l) = -!/(? -1). ' □ 

5.2. The relationship between the Tate and Singer constructions. We now show that the inverse 
system (|5.1[) for G = C p and B a bounded below spectrum can be realized, up to a single suspension, as 
the Tate tower in (|4.6[) for a C p -spectrum X = B Ap . 

As a naive C p -spectrum, B Ap is equivalent to the p-fold smash product B A • • • A B, with the C p -action 
given by cyclic permutation of the factors. The genuinely equivariant definition of B Ap is obtained by 
specialization from Bokstedt's definition in [BJ, [1] of the topological Hochschild homology THH(B) of 
a symmetric ring spectrum B, in the sense of [T7|. Namely, B Ap = sd p THH(_B)o = THH(£?) p _i equals 
the O-simplices of the p-fold edgewise subdivision of THH(_B), which in turn equals the (p — l)-simplices 
of THH(B). 

The ring structure on B is only relevant for the simplicial structure on THH(_B), and is not needed for 
the formation of its (p — l)-simpliccs. However, it is necessary to assume that the spectrum B is realized 
as a symmetric spectrum. We now make a review of definitions, in order to compare the Bokstedt-style 
smash powers of symmetric spectra with the external powers of Lewis-May spectra. 

From now on, let *W be the complete C p -universe 

% = R co ® ■ ■ ■ ®R°° = (R°°) p 

with C p -action given by cyclic permutation of summands. The inclusion i : R°° — > is the diagonal 
embedding A: JR°° ->• (R°°) p . Let 21 = {R n \ n > 0} be the sequential indexing set in R°°, and let 
21P = {R n © • • • © K™ = (R n )P | n > 0} be the associated diagonal indexing set QH §VI.5] in <% . Recall 
that a prespectrum D is Yj-cofibrant in the sense of [T51 1.8.7], hence good in the sense of Hesselholt and 
Madsen [13 Def. A.l], if each structure map T, W - V D(V) -> D(W) is a cofibration for V C W in the 
indexing set. There is a functorial thickening D T of prespectra, which produces E-cofibrant, hence good, 
prespectra, and there is a natural spacewise equivalence D T — > D, see [THl Lem. A.l]. All of this works 
just as well equivariantly. 

Let B be a symmetric spectrum of topological spaces, with n-th space B n for each n > 0. Recall that B 
is iS-cofibrant in the sense of |17i 5.3.6] if the natural map v n : L n B — > B is a cofibration for each n, where 
the latching space L n B is the n-th space in the spectrum B AS. Here S is the symmetric spectrum with 
0-th space * and n-th space S n , for n > 0. We prefer to follow the terminology in [23j III. 1.2] and refer 
to the S'-cofibrant symmetric spectra as being flat. Every symmetric spectrum is level equivalent, hence 
stably equivalent, to a flat symmetric spectrum, so any spectrum may be modeled by a flat symmetric 
spectrum. Each symmetric spectrum B has an underlying sequential prespectrum indexed on 21, with 
B(R n ) = B n equal to the n-th space of B. The structure map a: B(W 1 ^ 1 ) A S 1 -> B(R n ) factors as 
B n -i A 5 1 L n B — ^ B n , where i n is always a cofibration. Hence the underlying prespectrum of a 
flat symmetric spectrum is S-cofibrant. 

Definition 5.3. Let B be a symmetric spectrum, with n-th space B n for each n > 0, and let / be 
Bokstedt's category of finite sets n = {1, 2, . . . , n} for n > and injective functions. Let B A f e be the 
C p -equivariant prespectrum with V-th space 

B Ap (V) = hocolim Map(5 ni A • • • A S n » , B ni A ■ • • A B n A S v ) 

P (n 1 ,...,n p )G/P 

for each finite dimensional Vcf . Here C p acts by cyclically permuting the n^, the 5™* and the B ni , 
as well as acting on S v . Let 

b ap = l((b; p x) 

be the genuine C p -spectrum in CpS^ty obtained by specification from the functorial good thickening 
(B Ap c ) T of this prespectrum. The natural maps 

are C p -equivariant equivalences by the proof of [13 Prop. 2.4]. 

Definition 5.4. Let B be a prespectrum indexed on 21. The p-fold external smash product B^ is the 
specification in CpS^ty of the C p -equivariant prespectrum 

B^ P l((R n ) p ) = B(R n ) A • • • A B(R n ) = B(R n ) Ap 
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indexed on 2l p . When B is £-cofibrant, so is B^i, hence the V-th space of the specification is given 
by the colimit 

BV)(V)= colim Ma,p(S ( - Rn) *- v ,B(M n )* p ). 

VC(R")p 

Here the colimit runs over the n € No such that V C (R") p , and (R n ) p — V denotes the orthogonal 
complement of V in (R") p . Suspension by V induces an isomorphism 

flWfV) = colim Map((S n ) Ap , B(R") Ap A S v ) , 

with inverse given by suspension by (R m ) p — V, followed by p instances of the stabilization B(R n ) AS m — > 
B(M. n+m ), for m sufficiently large. 

We say that a symmetric spectrum B is convergent if there are integers A(n) that grow to infinity with 
n, such that B n is ((n/2) + A(n))-connected and the structure map T,B n — > B n+ i is (n + A(n))-connected, 
for all sufficiently large n. These hypotheses suffice for the use of Bokstedt's approximation lemma in 
the following proof. Every symmetric spectrum is stably equivalent to a convergent one. 

Lemma 5.5. Let B be a flat, convergent symmetric spectrum. There is a natural chain of weak equiva- 
lences of naive C p - spectra 

i* B (p) ~ j* S Ap _ 

Proof. For every finite dimensional V C R°° we have a natural chain of C p -equivariant maps 

colimMap((S' n ) Ap , B(R n ) Ap A S v ) 

nSNo 

hocolimMap((S'") Ap , £QfT) Ap A S v ) 

nGNo 



hocolim MapfS" 11 A ■ • • A S n ", B n , A • • • A B n A S ) 

(n 1 ,...,n„)eNg 



hocolim Map(S* ni A • • • A S n " , B n A ■ ■ ■ A B n A S ) 

(ni,...,n,)6U 

connecting B^ (V) to B Ap (V). The upper map is a weak equivalence because B is flat, hence E-cofibrant. 
The middle map is a weak homotopy equivalence because the diagonal No — > Nq is (co-)final. The lower 
map is a weak equivalence by convergence, the fact that Ng is filtering, and Bokstedt's approximation 
lemma 6, 1.5], see [8j 2.5.1] for a published proof. Applying the thickening construction and spectrifying, 
we get the desired chain of naively C p -equivariant weak equivalences. □ 

Definition 5.6. For p — 2, let R(l) be the sign representation of C-x. For p odd, let C(l) be the 
standard rank 1 representation of C v C S , and let C(i) be its i-th tensor power. For all primes p, let 
W C MP be the orthogonal complement of the diagonal copy of M. Then W = R(l) for p = 2, and 
W 5s C(l) 8 • • • © C(m) for p odd, where m = (p - l)/2. Let EC P = S(ooW), EC p = S°° w , and give 
EC P a Cp-CW structure so that 

~((p-l)n) = ^ 

for all n > 0. Then Er p _i) n — S nW for all integers n. 

Proposition 5.7. Let B be a flat and convergent symmetric spectrum, and give EC P a free C P -CW 
structure as in the definition above. There is a natural weak equivalence 

(B Ap )hc P - (EC P+ A i*B Ap )/C p ~ EC P x Cp B^ = D Cp (B) . 

More generally, there are weak equivalences 

(B Ap ) tc »[l-(p-l)n] ~ Y, 1+n D Cp {T,- n B) 

for all n > 0, which are compatible with the (p — l)-fold composites of maps in the Tate tower (|4.6[) for 
X = B Ap 

y (B Ap )* c "[l-(p-l)(n+l)] {B Ap ) tc "[l-(p-l)n} -> ... , 
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and the suspension of the inverse system (|5.1[) for G = C' p 

> T, 1+n+1 D Cp (E- n - 1 B) -> Y, 1+n D Cp {Z- n B) 

Proof. By the untwisting theorem |18l VI. 1.17] and Lemma 15.51 there are C p -equivariant equivalences 

EC P k flW ~ £C P+ A i*B&> ~ £C P+ A i*B Ap , 

since i?C p is C p -free. The first claim follows by passage to C p -orbit spectra. 
More generally, there are C p -equivariant equivalences 

T, l+n EC p tx (E- n B)W ~ £F(S" lW \£:Cp k flW) ~ EF(S' nW , EC P+ A i*B Ap ) 

by [HI VI. 1.5], since S n A S mW ' = (S n ) Ap . Passing to C p -orbits, and using the Adams transfer equiva- 
lence (|4.2p . we get the equivalences 

£ 1+ ™L> Cp (Sr"B) ~ Y,F(S nW ,EC p+ A B Ap f" . 

The right hand side is a model for (B Ap ) tc ?[l-{p-l)n\, by Lemma ETUI since E {p _ x)n = S nW . The 
stabilization of the left hand side given by A : S 1 — >• S p is compatible under all of these equivalences 
with the stabilization of the right hand side given by the inclusion S° — > S w , again by [TBI VI. 1.5]. □ 

Definition 5.8. For each symmetric spectrum B let the topological Singer construction on B be the 
spectrum 

R+(B) = (B Ap ) tc " . 

The topological Singer construction realizes the algebraic Singer constructions, in the following sense. 

Theorem 5.9. Let B be a symmetric spectrum that is bounded below and of finite type over¥ p . There 
are natural isomorphisms 

u: H* C (R+(B))^R + (H*(B)) 

and 

to*: R+(H,(B)) A H c -(R+{Bj) 
of srf -modules and complete si^-comodules, respectively. 

Proof. We may replace B by a stably equivalent fiat and convergent symmetric spectrum, without 
changing the (co-)homology of B Ap and R+{B). By Proposition 15 . 71 there are ^/-module isomorphisms 

H*{{B Ap ) tCp [1— (p— l)n]) S Y, 1+n H*{D Cp {T,- n B)) 

for each n, which by Theorem 15.21 induce ^-module isomorphisms 

H*((B Ap ) tc ") = R + (H*{B)) 

after passage to colimits. The dual .e^-comodule isomorphisms then induce complete .e^-comodule 
isomorphisms 

m{{B Ap ) tc *) = Rom(R + (H*(B)),¥ p ) = R+(H*(B)) 
after passage to limits. □ 

5.3. The topological Singer e-map. We now turn to the construction of a stable map cb- B — >• R + (B) 
that realizes the Singer homomorphism e on passage to cohomology. The homotopy fixed point property 
for the Cp-equivariant spectrum B Ap will then follow easily. 

Let B be a symmetric spectrum that is bounded below and of finite type over F p . The C p -spectrum 
X = B Ap introduced in Definition 15.31 is then also bounded below and of finite type over F p . We shall 
make use of parts of the Hesselholt-Madsen proof that THH(B) is a cyclotomic spectrum. By the first 
half of the proof of JTSJ Prop. 2.1] there is a natural equivalence 

s Cp ■ [EC P A B Ap f" ^ <S> c ?(B Ap ) , 

where $> Cp (X) denotes the geometric fixed point spectrum of X . Furthermore, by the simplicial degree k = 
p — 1 part of the proof of [15l Prop. 2.5] there is a natural equivalence 

r' Cp : $ C p(B Ap ) B . 

If B is a ring spectrum, both of these equivalences are ring spectrum maps. 
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Definition 5.10. Let eg : B — > R+(B) be the natural stable map given by the composite 



B «=- <f> c ?(B Ap ) «=- [EC P A B Ap f» -A (B Ap ) tc » = R+(B) . 
If B is a ring spectrum then e# is a ring spectrum map. 

With this notation we can rewrite the homotopy cartesian square in (I4.3[) for X = B Ap as follows: 

R 



(5.4) 



(S Ap ) c f 
r 



■+B 



+ R+{B) 



{B Ap ) 

We thank M. Bokstcdt for a helpful discussion on the following two results. 
Lemma 5.11. The stable map es ■ B — > R+(B) commutes with suspension, in the sense that ess = Ses- 
Proof. Consider the commutative diagram: 



£5^ 



T,[EC P A B Ap } c " 

A 



sr 



T.B f- 



[EC P A (SB) 



AplCp 



>Y,R+{B) 

A 

^R+(T,B) 



The vertical maps labeled A are induced by the diagonal inclusion S 1 —± S p , which on the right hand 
side is the same map as was used in the interpretation (Proposition 15 . 7|) of R+(B) as the inverse system 
of suspended extended power constructions. Hence these maps are weak equivalences. □ 

Proposition 5.12. Let B be a bounded below spectrum of finite type over¥ p . Then the homomorphism 

(e B )*;H* c (R + (B))^H*(B) 

induced on continuous cohomology by the spectrum map es : B —> R + (B) is equal to Singer's homomor- 
phism 

e H , {B y. R + (H*(B))^H*(B) 

associated to the -module H*{B). 

Proof. By Corollary 13.51 there is a unique ^-module homomorphism gs- H*(B) H*(B) that makes 
the square 

R+(H*(B))^H*(R + (B)) 

(«)' 



->H*{B) 



H*(B) 

commute. We must show that gs equals the identity. 

First consider the case B — H. The homological Tate spectral sequence 



ElJH) = H-*{C p ;H*{Hf 



Hl{R + {H)) 



is an algebra spectral sequence (Proposition 14. 1 7[) . and en ■ H — > R + (H) is a ring spectrum map, so the 
image of 1 e H (H) under (e H )* is represented by 1 <g) 1® P in H°(C P ; H (H)® P ). Hence (ch)* maps the 
dual class represented by 1 <g> 1® P in H (C P ; iJ°(£f)® p ) to 1 E H°(H). Now u(l <g> 1® P ) = Y.xy' 1 (g> 1 £ 
R+(&/) and e^Exy -1 ig) 1) = 1 £ so 5^(1) = 1- (We replace by x^ 1 for p = 2.) Since gn is an 
^/-module homomorphism, it must be equal to the identity £/ — H*(H). 
The case B = J7 L H then follows by Lemma \5. Ill 

In the general case any element in H n (B) is represented by a map / : B — >• which induces 

an ^/-module homomorphism /*: Y7 l s$ — > H*(B). By naturality of the isomorphism w, the Singer 
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homomorphism e, and the spectrum map e, we get a diagram 




■ H*{R+(T, n H)) 



R + (H*(B))^H:(R + (B)) 



£ff*(B) 

H*(B) 



-±H*(B) 




(«S"ff)* 



where the left hand, upper and right hand trapezoids all commute. The inner square commutes by 
construction, and the outer square commutes by the case B = T, n H. Since is surjective, it follows 

that the lower trapezoid also commutes. Hence gs equals the identity on the class /*(£™1) G H n (B). 
Since n and / were arbitrary, this proves that gs equals the identity on all of H*(B). □ 

The following theorem generalizes the Segal conjecture for C p . 

Theorem 5.13. Let B be a bounded below spectrum oj finite type over ¥ p . Then the natural maps 

e B : B R+(B) = (B Ap ) tCp 

and 

T: (B Ap ) Cp -» !B Ap ) hCp 

are p-adic equivalences of spectra. 

Proof. The map e b induces a map of spectral sequences 

££'•(£) = Exty(H*(B),¥ p ) -> E x t*J*(H* c (R + (B)),F p ) = E*'*(R + (B)) 

where the first is the Adams spectral sequence of B, and the second is the inverse limit of Adams spectral 
sequences associated to the Tate tower {(B Ap ) p [n]} n , as in Proposition ^. 21 The map converges strongly 
to the homomorphism 

ir*(e B )p-- 7r*(Sp -> n*(R + (B) p ) . 
By Propositions 15 . 1 21 and 13 . 3l and Theorem 13.41 the map of £?2-terms is an isomorphism, hence so is the 
map of -Eoo-terms and of the abutments. In other words, e# is a p-adic equivalence. The corresponding 
assertion for T follows immediately, since diagram (I5.4[) is homotopy cartesian. □ 

5.4. The Tate spectral sequence for the topological Singer construction. We conclude by re- 
lating the homological Tate spectral sequence for B Ap to the Tate filtration on the homological Singer 
construction for H*(B), and likewise in cohomology. 

Proposition 5.14. Let B be a bounded below spectrum of finite type over ¥ p . The homological Tate 
spectral sequence 

El, = H-*(C P ; H^BfP) =► H c r ((B Ap ) tCp ) 
converging to H^(R + (B)) = R + (H*(B)) collapses at the E 2 -term. Hence the E 2 = E°° -term is given by 



poc 



P(u,u- 1 )®F 2 {a® 2 } 



for p = 2, and by 



E°% = E{u) ® P(t, r 1 ) ® F p {a® p } 



for p odd. In each case a runs through an ¥ p -basis for H*(B). 

For p — 2 and any r G Z, a G H q {B), the element u r <E> a G R + {H tt {B)) is represented in the Tate 
spectral sequence by 



,r+q 



<g> a 9 * G E: 



r—q,2q ' 



For p odd and any i G {0, 1}, r G Z and a G H q {B), the element u l t r £g> a G R+(H*(B)) is represented 
in the Tate spectral sequence by 

(-iyv(q)- 1 ■ uH^ m " ® a®* G E™_ 2r _ {p _ 1)q ^ pq , 

where m = (p — l)/2 and v(2j + e) = (-l) J '(m!) e /or e G {0, 1}. 

29 



Proof. Consider first the case B — S q . Then the result is trivial for dimensional reasons. The E 2 -teim is 
concentrated in bidegrees (*,pq), so there is no room for differentials, and there are no extension problems 
to be solved. The formula for the homological Tate spectral sequence representative for u l t r £3> a will 
follow by dualization from the cohomological case, given below. 

Let H be a model for the mod p Eilenberg-Mac Lane spectrum as a commutative symmetric ring 
spectrum, and form the spectrum H Ap in CpJ^^ as in Definition 15.31 The iterated multiplication on H 
then induces a naively C p -equivariant map H Ap — > H. Let / : S q — > H A B represent a class a £ H q (B), 
and consider the naively C p -equivariant composite map 

f p : H AS pq -> H A(H A B) Ap ~ H A H Ap A B Ap -> F A F A B Ap -> H A B Ap . 

On homotopy groups it induces the homomorphism H:t(S q )® p — » iJ»(-B)® p that takes i® p to a® p , where 
t 9 = E 9 1 is the fundamental class in H q (S q ). 

By applying the Tate construction to this map, we get a map of spectra 

(fP)tc P ; (ij A S pq ) tCp -> (iJ A B Ap ) tCp 
and an associated map of homotopical Tate spectral sequences, converging to an F p -linear map 
(5.5) i^OR+CS'*)) -> m(R + (B)) 

by Proposition 14.161 For p odd, this map is given at the level of £' 2 -terms as sending u % t r ® l® p to 
u % t r ® a® p , and similarly for p = 2. The statement of the proposition then follows by naturality. □ 

Note that the F p -linear map (|5.5[) is not a homomorphism of ^-comodules, because f p was formed 
using the product on H. 

Proposition 5.15. Let B be a bounded below spectrum of finite type over¥ p . The cohomological Tate 
spectral sequence 

= H-*(C P ;H*{B)® P ) H*((B Ap ) tCp ) 
converging to H*(R + (B)) = R + (H*(B)) collapses at the Ei-term 7 so that 

E^* = HP(x,x- 1 )®W 2 {a® 2 } 

for p — 2, and 

E* x * = EE(x) ® P(y, y" 1 ) ® F p {a® p } 

/or p odd. in eac/i case a runs through an ¥ p -basis for H*{B). 

For p = 2 and any r 6 Z, a £ H q (B), the element Y,x r ® a £ R+(H*(B)) is represented in the Tate 
spectral sequence by 

Zx r - q <g> a® 2 £ i^ +r ^< 2<? . 

For p odd and any i g {0, 1}, r £ Z and a g H q (B), the element YiX l y r ® a G R+(H* (B)) is represented 
in the Tate spectral sequence by 

{-l) q v{q) ■ Zx t y r - mq (g> a® p g £;W+2?-(p-i)<r,P<z _ 

Proof. This follows by dualization from the homological case. In the special case B — S q , Y,x l y r ®a® p £ 
H*(R+(B)) = H-*(C p ;H*(S q )® p ) is represented by (-l)V(q)- 1 • Y<x l y r+mq ®a E R+(H»(S q )), by the 
explicit isomorphism given in the proof of Theorem l5.2l The formula for the cohomological Tate spectral 
sequence representative follows. □ 

Corollary 5.16. The Tate filtration 

{F n R + (H*(B))} n 

of the Singer construction R+(H* (B)) corresponds, under the isomorphism R+(H* (B)) = H*(R + {B)), 
to the Boardman filtration 

{F n H* c {R + {B))} n 

ofH*(R+(B)). 

Proof. For each integer n, the Boardman filtration F n H*(R + (B)) equals the image of H*((B Ap ) tCp [n]) 
in H*((B Ap ) tCp ), which is the part of H*{{B Ap ) tCp ) represented in nitrations > n at the i^-term. This 
corresponds to the part of the Singer construction H* (R+(B)) spanned by the monomials Sx r ® a with 
1 + r — q > n for p = 2, and by the monomials Yix l y r ® a with 1 + i + 2r — (p — l)q > n for p odd, which 
precisely equals the n-th term F n R + (H*(B)) of the Tate filtration, as defined in ij3.2l □ 
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